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Abstract 

Brane cosmology takes the unconventional form H ~ J~p. To recover the standard cosmol- 
ogy, we have to assume that the matter density is much less than the brane tension. We show 
that the assumption can be justified even near the end of inflation if we fine-tune the coupling 
constant of the inflaton potential. As a consequence, the standard cosmology is recovered 
after inflation. 
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Recently, brane cosmology []T|-[TB] has attracted much attention. In this scenario, ordinary 
matter is confined in our four dimensional world, while gravity can propagate in the other 
extra dimensions. As in string theory, the Eg x Eg heterotic string theory is a limit of an 
eleven dimensional M theory with the extra dimension to be an orbifold S1/Z2. Randall and 
Sundrum found a static solution with flat 3-brane to the five dimensional Einstein equation by 
assuming a negative bulk cosmological constant 00. In this setup, our universe is a 3-brane 
residing at the boundary of the fifth orbifold Si/Z 2 . In the authors find that the brane 
universe expands according to the unconventional law H ~ p. Later, it was found that the 
expansion rate could take the conventional form H ~ ^fp provided that the matter density 
is much less than the cosmological constant in the brane 1§ || . Due to the success of the 
standard cosmology, we would like to have standard cosmology for most of the history of the 
universe. We will show that it is the case if we fine-tune the coupling constant of the inflaton 
potential. 

We consider a five dimensional spacetime with an orbifold fifth dimension. The two 3- 
branes are at y — and y = L. The Born-Infeld action for a p-brane is 



S = -T„ / <F 
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If B^ u = = 0, then the brane action becomes S = —T p f d |)+1 i v / = g which is just the action 
of a cosmological constant. The five dimensional Einstein action with two brane boundaries 
is 



S = J dy J d 4 x^g (J^ - A ) + y d 4 x^=(h{-T + C m ) + J rf 4 xv^(-T, + 
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For an isotropic and homogeneous flat brane universe embedded in five dimensions with 
the metric 

ds 2 = -N 2 (t, y)dt 2 + a 2 (t, y)5 ij dx i dx j + B 2 (t, y)dy 2 , 
the components of the five dimensional Einstein tensor are 
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where a = da/dt, a = d 2 a/dt 2 and a' = da/dy. The components of the energy momentum 
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tensor are 

Too = iV 2 A + ^yiV 2 (t, 0)(T + p) + §^Ar 2 (t, L)(T. + p*), 

T« = -a 2 A + ^y^> 0)(-T + p) + + P.), 

T 55 = -A5 2 , T 05 = 0. 

Here we assume that the matter on the branes is the perfect fluid T^ u = (p + p)U fl U u + pg^ v . 
Let do = a(t, 0), Nq = N(t, 0) and B = B(t, 0). The delta functions in T Q0 and Ta give us the 
jump conditions on a' and N' because of the Einstein equation Gmn = &\T MN . The jump 
conditions are 

3|0/| -4(T + p), (5) 



a -Bo 

= «*(2p + 3p-T). (6) 
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We use the notation [/] = /(0+) - /(0_) and {/} = (/(0+) + /(0_))/2. The Z 2 symmetry 
gives us a' = N' = B' = 0. The average of G55 at the brane boundary gives the equation of 
brane scale factor as follows: 



ao N t a , ( a \ 2 2 
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The junction of G05 at the brane boundary gives the energy conservation in the brane 

p + 3^(p + p) = 0. (8) 
a 

The average and junction of other components give the equations for [B'\, Bq and Nq. Equa- 
tions (0) and (H) are all what we need to study the brane cosmology. In other words, these 
boundary conditions give us enough information about our world and we do not need to solve 
the five dimensional bulk Einstein equation. Define dr = N dt and H(t) = da /dr. In terms 
of the proper time r, equations ([?[) and (|8|) become 

+ = |t 2 + f A + |T(p - 3p) - |p(p + 3p), (9) 
ao 18 3 3d 3o 

^ + 3H(p + p) = 0. (10) 
dr 

From now on, we change notation / = df/dr. Equation (|j) can be rewritten as the familiar 
form § 00 

18 H 36 P 36 6 ' y J 

'- = -|T(p + 3p) - |p(2p + 3p) + |r 2 + f A. (12) 
a 3o 3o 3o o 
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In general, we can get 



-+(-) = -ap{p + 3p) + ^-{p-3p) + 2K 1 
a \a ) 2 

^ = -ap(2p + 3p)-^(p + 3p) + A, 
from the following equations 

H 2 = ap 2 + (3p + A, 
p + 3H(p + p) = 0. 

From equation (|TTD , we see that the standard cosmology is recovered if p <C IT and A ~ 
—k\T 2 /Q. The reason why we do not want the exact cancellation between the bulk cosmo- 
logical constant and the brane tension is that these two terms may give the small effective 
cosmological constant in four dimensions to be consistent with the current observation. Dur- 
ing the early times, their contributions are negligible. The effective Newton's constant in 
four dimensions is G = KfT/48ir ~ T/M 6 , where M is the five dimensional Planck mass. 
In this letter, we would like to show that that the standard cosmology is recovered near the 
end of inflation. Now we focus on the inflationary phase. From equation (TT2|) , we know that 
inflation occurs as long as 2p + 3p < 0. Suppose inflation is driven by a single scalar field 0, 
p = <fi 2 /2 + V(4>) and p = <fi 2 /2 - V(<j>). Inflation ends when 4> 2 e ~ V{(j) e ). 
By the slow-roll approximation, 

2 «V(0), |0|<|3F0|, (13) 

the equations (|TDJ) and ( ]TT| ) become 

H 2 « ^TV(<f>) + ^V 2 ^), (14) 
3#0« -V (</>). (15) 
The consistency conditions for the above approximations (0) are 

4 V ,2 (<J)) 
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v"{4>) vm'^ + TV 2 ^) << L (17) 



V 2 (cj)) + 2TV(<f>) [V 2 ((j)) + 2TV((j))Y 



To be more specific, we first choose the chaotic potential V(<p) = \ p <f) p /p. From equations 
QlBf) and (|17]), inflation ends when e ~ 2p/(K 2 y/T). So 



If 



p ^ ^ 5 j. 
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then V(<p e ) < 2T. For example, let p = 4. The density fluctuation during inflation from the 
standard cosmology gives A 4 ~ 10~ 14 . Here we require A 4 ~ (M/m p i) 6 . This condition is not 
difficult to be satisfied. 

As another example, we take the exponential potential V((j>) = Voe~^^°. For this poten- 
tial, inflation ends when 

v ™ 

mpi <0Q< m pl 



then we have V(<p e ) < 2T. 

During radiation dominated era, p oc a -4 . Soon after inflation p will be much less than T. 
Therefore, the standard cosmology is recovered during the radiation and matter dominated 
epochs after inflation. 
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